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ABSTRACT. Given integers r > 2 and n,t > 1 we call families Fi,...,F, < Z([n])
r-cross t-intersecting if for all F; € F;, i € [r], we have |, F5| = t. We obtain a
strong generalisation of the classic Hilton-Milner theorem on cross intersecting families.

In particular, we determine the maximum of >, [F;| for r-cross t-intersecting families

jelr
in the cases when these are k-uniform families or arbitrary subfamilies of Z2([n]). Only

some special cases of these results had been proved before. We obtain the aforementioned
theorems as instances of a more general result that considers measures of r-cross t-
intersecting families. This also provides the maximum of Zje[r] | F;| for families of possibly

mixed uniformities kq, ..., k,.

§1. INTRODUCTION

For a set A, we denote the power set of A as Z(A) = {B: B < A}. Let j € N, then
set [7] ={1,...,7}, [J]o = [J] v {0}, and for i € [j]o set [i, 7] = {i,i + 1,...,j}. For a set
with a single element, say {i}, we sometimes just write . Given a set A, we write A®) for
the set of k-element subsets of A and similarly AS®) for the set containing all subsets of A
that are of size at most k.

One of the main themes in extremal set theory are intersecting families. Given somen € IN,
a family F < Z([n]) is said to be intersecting if for all F, F' € F we have F - n F' # @.
The following well-known theorem by Erdés, Ko, and Rado [13] is one of the earliest results

in extremal set theory.

Theorem 1.1. Let k,n € N with 2k < n and let F < [n]® be an intersecting family.

Then |F| < (}]) and this bound is sharp.

Observe that this maximum is attained by a family which contains all the sets of size k
that contain one fixed element, for instance F = {F e [n]®): 1 € F}.
As a variation cross intersecting families can be considered. For r,¢t,n € IN we say that

families Fi, ..., F,. € Z([n]) are r-cross t-intersecting if for all Fy € Fy,..., F, € F, we
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have [ (T, Fil = t. Now it is natural to ask for the maximum of X, [F;| taken over
all non-empty r-cross t-intersecting families Fi,..., F,. In this regime there are several
partial results concerning the maximum sum of sizes of r-cross t-intersecting families for
specific instances of r and ¢, starting with theorems by Hilton [25] and by Hilton and
Milner [26] and continued, for instance, in [6,19,23,24,31,32,34,35] (also see the references
therein). We determine ., |F;| for every r > 2 and ¢ > 1 for both uniform families and
non-uniform families (see Corollary 1.3 and Corollary 1.5), generalising a result by Frankl
and Wong H.W. [24].

In fact, we show these results in the more general setting of measures. Here, one can
ask for the maximum measure of families instead of their sizes. More formally, consider
a function p : Z([n]) — Rso, that is, a map assigning a weight to each set in Z([n]).
Now, instead of asking for the maximum size of an intersecting family, we ask for the
maximum measure of an intersecting family, where the measure of a family F < Z([n])
is defined as p(F) = > per p(F). Two commonly considered measures are the product
measure g, and the uniform measure v;. For p € [0, 1] we define the product measure
as 0,(F) = plfl(1 — p)»= ¥l where F € #([n]). Note that this can be interpreted as the
probability that a specific set F is the result of a random experiment which includes each
element from [n] with probability p in F'. The uniform measure v, with k € [n], is defined
as v (F) = 1/(}) if |F| = k and v, (F) = 0 if |F| # k.

For these measures analogues of the Erdos-Ko-Rado theorem can be considered. Indeed,
we can reformulate Theorem 1.1 as follows: For k,n € IN with 2k < n and an intersecting
family F < [n]® it follows that v4(F) < £. For the product measure the following
analogous result was first proved in [1]. For p < 1/2 and an intersecting family F < Z([n])
we have g,(F) < p.

Several results for specific measures and (cross) intersecting families are known, see
[4,5,11,14,15,33]. For a more thorough overview we recommend Chapter 12 in [22]. In
particular, a result due to Borg [7] determines the maximum product of r-cross t-intersecting
families and also considers a variant with measures.

Since normally the measures considered depend only on the size of the sets, we will
introduce the following abuse of notation. For a function p : [n]o — Rso and a set F' < [n]
we consider the measure F' — u(|F|) but write u(F') instead of pu(|F|) and we refer to p as
a measure. Further, for 7 < 2([n]) we write u(F) = > per (F).
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In our main results we determine the maximum sum of measures of r-cross t-intersecting

families. Given n,a,t € N with n > a > t consider the families
An,a,t) = {F e Z([n]): [Fnla]| =t}
B(n,a) = {F e Z([n]): [a] € F}

Essentially, our main results state that the maximum is attained by families “derived”
from A(n,a,t) and B(n,a), even when we consider different kinds of measures (including v
and g, when p 1/2). Given a set A we write A% for the set of k-element subsets of A and
similarly AS®) for the set containing all subsets of A that are of size at most k. Further,
for F < 2([n]) and ke N we set F¥* = {F e F:|F|=k}and F<F = {Fe F:|F| <k}
Let r be an integer with r > 2, for every i € [r] let k; € N, and let j € [r] such
that k; = minge(, k;. Then we write secmin k; = min k;. Let us now state our first result

i€(r] i€[r]Ng
which in particular determines the maximum of >3, [ ;| for k-uniform families.

Theorem 1.2. Let r,t,n € N with r > 2. Fori € [r] let k; € [n], i : [n]o = Rso,

and F; < [n]SF) such that n > Qm?jj(k + secrﬁn k; —t. If Fy,...,F. are non-empty r-
S s SIS

cross t-intersecting families, then

2 ) < max {u (A, a,)=) + 3 (Bln,a)=)}, (L.1)

je[r]~t

where the maximum is taken over £ € [r] and a € [t rﬁnek]

Note that A(n,i,t) together with » — 1 copies of B(n,i) are r-cross t-intersecting for
every ¢ > t. Thus, this result is sharp in the sense that there are r-cross t-intersecting
families which attain the bound.

As mentioned above, applying Theorem 1.2 with k; = k and the measure p; = v (Z) for

every i € [r], we obtain the following result for k-uniform families.

Corollary 1.3. Let r = 2 and n,t > 1 be integers, k € [n], and for i e [r] let F; < [n]®.
If Fi,...,F. are non-empty r-cross t-intersecting families and n = 3k —t, then
m n—m n—m
e 5, () () e ()
Z 7l < max [Z] () (k_) T >(k_m)

and this bound is attained.

Some special cases of this result were obtained before. For r = 2 and ¢ > 1 Corollary 1.3
was proved by Frankl and Kupavskii [19]. For ¢ = 1 and r = 2 Corollary 1.3 was shown very
recently in independent work by Frankl, Qian, and Shi [31], where they deduce it from a

result about two families by an elegant application of the Kruskal-Katona theorem [27,28].
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Note that, in fact, Theorem 1.2 also determines the maximum of >}, 1, |F;| for families of
different uniformities k1, . .., k.. Sometimes, a weaker definition of ‘cross intersecting’ is used
in the literature: for r,t,n € IN, we say that families Fi, ..., F,. < Z([n]) are pairwise r-
cross t-intersecting if for all 7,5 € [r] and all F; € F;, F; € F;, we have |F; n F;| > t.
In [31], Shi, Frankl, and Qian posed three problems regarding the maximum sum of
sizes of pairwise r-cross t-intersecting families. Theorem 1.2 solves all of these problems
for r-cross t-intersecting families (and slightly larger n). To some extent, our proof method
also applies to the pairwise cross intersecting setting and we plan to address this in future
work.

In the context of non-uniform families, one of the results of a very recent work by Frankl
and Wong H.W. [24] establishes the maximum possible size of 2-cross t-intersecting families.

The following theorem generalises their result for all » > 2 and for measures.

Theorem 1.4. Let r,t,n e N with r = 2. Forie [r] let p; : [n]o = Rso be non-increasing,

and let F; < P([n]). If F1,...,F, are non-empty r-cross t-intersecting families, then

> i(F) < max {u(Aln,a,0) + Y ps(Bln,a)) ) (12)
Jjelr]

VE NN

where the maximum is taken over { € [r] and a € [t,n].

As before, this bound is attained. Note that by taking u; = 1 for every ¢ € [r] we obtain
the maximum of >3, 1, |F;| for r-cross t-intersecting families.

Independently, Borg and Feghali [10] proved the special case of Theorem 1.4 when r =
2,t =1, and p;(k) = Lg<y,, i € {1,2}, for some ky, ks € [n].

Corollary 1.5. Let r > 2, n,t = 1 be integers and let Fy,...,F. < P([n]) be non-
empty r-cross t-intersecting families. Then,
(”7) +(r— 1)2”"”}
N\

Z |F;| < max {2”"”
el :

me|t,n
It i€[t,m

and this bound is attained.

For a further application, note that Theorem 1.4 also provides the maximum for the
product measure g, if p < 1/2.

As it turns out, we can essentially prove Theorem 1.2 and Theorem 1.4 simultaneously
and we derive them as special cases of the more general Proposition 3.7. This proposition
even considers the case of r-cross t-intersecting families Fi, ..., F, when some of them

satisfy the conditions of Theorem 1.2 and some others satisfy the conditions of Theorem 1.4.
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1.1. Idea of the proof. Our proof is based on what we call necessary intersection
points (see Definition 3.1). Roughly speaking we say that a vertex a € [n] is a necessary
intersection point for r-cross t-intersecting families Fi,...,F,. if there are sets in the
families which “depend” on this vertex to fulfil their intersection property. For example,
if we consider the 2-cross l-intersecting families A(n,2,1) and B(n,2), the vertex 2 is a
necessary intersection point because there are pairs of sets that intersect only in 2. In this
case, 1 and 2 are the only necessary intersection points of these families. The idea is to
“decrease” the maximal necessary intersection point as long as possible, i.e., replace the
presently considered r-cross t-intersecting families by r-cross t-intersecting families whose
sum of measures is not smaller but which have a smaller maximal necessary intersection
point.

Let Fi,...,F be some r-cross t-intersecting families and let a € [n] be their maximal
necessary intersection point. To construct the new families we first remove all sets that
“depend” on a in one family, say F,; we call the family of these sets F,.(a). Then a will no
longer be a necessary intersection point. Potentially, there are some subsets of [n]| which
could not be in any of the other families because they would not intersect “correctly” with
some set in F,.(a). However, after removing F,.(a) from F, and depending on how such a
set relates with F,. \. F.(a), it may be added to one of the other families without breaking
the intersection property.

There are some structural properties that follow from a being the maximal necessary
intersection point and the fact that the families are shifted. These will help us to analyse
which new sets can actually be added to the families Fi, ..., F._1 and to prove that in fact
the measure of the newly added sets is at least as large as the measure of the removed sets.
Moreover, this analysis guarantees that the new maximal necessary intersection point is at
most a — 1.

We can iterate this construction and decrease the maximal necessary intersection point in
every step. This process has to stop at a certain point, and we show that then the resulting

families are contained in families with the desired structure (namely A(n, a,t) and B(n, a)).

§2. NOTATION AND PRELIMINARIES

In this section we introduce some well-known facts about shifting. For F' < [n] and i, j €
[n] we set
(F~{j})u{i}ifje Fandi¢ F
0y (F) = . :
F otherwise
and note that |o;;(F)| = |F|. Moreover, for a given F < Z([n]) we define the fam-

ily 0,j(F) = {o(F) : F e F} U{F € F : 0;5(F) € F} and note that |o;;(F)| = |F|.
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Further, it can easily be checked that if 7 < Z?([n]) is intersecting, then o;;(F) is also
intersecting. We say that F < Z([n]) is shifted if for all i,j € [n] with i < j we
have 0;;(F) = F, i.e., for all F' € F we have that o,;(F) € F. By shifting an intersecting
family F < Z([n]) repeatedly, that is, replacing F by o;;(F) repeatedly for all i, j € [n]
with i < j, we obtain an intersecting family G that is shifted and for which we have |G| = | F]|
and |G*| = |F¥|. Thus, to determine the maximum size of an intersecting family, one can
restrict themselves to shifted families.

Moreover, for the sake of completeness, we prove the following fact.

Fact 2.1. Let a,b € |n]. If Fi,....F. < P([n]) are r-cross t-intersecting, then the

families o4 (F1), ..., 0m(F,) are r-cross t-intersecting.

Proof. Assume the contrary and let F| € 04 (F1),. .., F! € o4(F,) for every i € [r] such
that |(Vepg £7| < t. Forevery i € [r], let I = F/ if F] € F. If ] ¢ F, we know that a € F}
and b ¢ F! and we set F; = op,(F]) € F;. Since Fy,...,F, are r-cross t-intersecting, we
have [(,p,y Fil =t and so there is some j € [r] such that Fy = 03,,(F}) # Fj. But then we
have a ¢ Fj and, thus, a ¢ ﬂie[r] F;. This yields that
t—1<|[)F~A{a,b}| = | () F/ ~{a,b}]. (2.1)
ie[r] ie[r]
Note that the assumption |(7),,; 7| < tells us that in fact the left side inequality above
is an equality. This in turn implies that b € ﬂie[r] F;.
Our assumption together with (2.1) also give some ¢ € [r] such that a ¢ Fj. Then it
follows by definition that o.,(F;) € Fy because b € ﬂie[r] F;. Hence, |0-ab(F€>mﬂie[T]\g Fl <t

contradicts Fi, ..., F, being r-cross t-intersecting. O

This allows us to restrict ourselves to shifted families when looking for the maximum
sum of measures of r-cross t-intersecting families if the measure of a set F' depends only

on the size of F'.

§3. PROOF OF THEOREMS 1.2 AND 1.4

We begin by introducing necessary intersection points which are central to our proofs.

Definition 3.1. Let F; < Z(|n]),...,Fr S H(|[n]) be r-cross t-intersecting families. We
say a € [n] is a necessary intersection point of F, ..., F, if for all j € [r] there is an F; € F;
such that

la]n ([ Fil=t and ae () F;. (3.1)
Jjelr] Jelr]
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The following easy lemma is one of the useful properties of necessary intersection points

used together with shifting.

Lemma 3.2. Let F; < Z([n]),...,Fr S P(|[n]) be shifted r-cross t-intersecting families
and let a be their mazimal necessary intersection point. If i € [r], F' € F;, and Fj € F;
for j e [r] N are such that [[a — 1] 0 F' 0 (N £l <t then [a — 1] € F U (g, Fy-

Proof. We will assume that there is a b € [a— 1]\ (F'U[ ) ¢p,1.; £77) and derive a contradiction.
Suppose a ¢ F. Then [[a] n F' n (., Fj| < t. Thus, since Fy,..., F, are r-cross t-
intersecting, there is a necessary intersection point larger than a. This contradicts the
assumption that a is the maximal necessary intersection point of Fi,..., F,.. We conclude
that a € F.

Further, we know that o,,(F) € F; since F; is shifted and b < a. But then we
have [[a] 7 0w (F) 0 Mg
intersecting with maximal necessary intersection point a. U

; Fj| < t, which again contradicts Fi, ..., F, being r-cross t-

Roughly speaking, the proof proceeds by iteratively decreasing the maximal necessary
intersection point, i.e., replacing the currently considered families by families with a smaller
maximal necessary intersection point. In this “updating” process we need to be careful
with those sets which need a fulfil the intersection property. To make this more precise, we
introduce the following notation.

Let 1 € Z([n]),...,Fr < Z([n]) be r-cross t-intersecting families and let a be their
maximal necessary intersection point. For every j € [r] define Fj(a) to be the set of
all F' € F; for which there exist F; € F; for every i € [r] . j such that (3.1) holds. We
also refer to the sets in Fj(a) as the sets in F; depending on a. Further, for A < [a — 1]
set F;(A,a) ={F e F;(a): Fnla—1] = A}

The following lemma is the key of our proof. It will allow us to “push down” the maximal
necessary intersection point of the families considered in case that we are not already
done. Since we will prove Theorem 1.2 and Theorem 1.4 simultaneously (by proving
Proposition 3.7), we phrase this lemma in a general setting. The families with indices

in [r;] are families as in Theorem 1.2 and the remaining families are as in Theorem 1.4.

Lemma 3.3. Let r,t,n € N, ry € Ng withr =1, r = 2, and r; # 1, and let a € [n].
If ry = 2, suppose that ky, ..., k., € [n] are such that n > le[%f]( k; + Sei(ér[?li]n ki —t, and
let py, ... pey = [n]o = Rso. Forie[ry +1,7], set ki = n and let y; : [n]o — Rso be
non-increasing. Fori € [r], let F; < [n]SF). If Fi, ..., F, are shifted r-cross t-intersecting
families with mazimal necessary intersection point a =t + 1 such that for all i € [r], the

family F; ~ Fi(a) is non-empty, then there are non-empty families Hy, ..., H, such that
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(a) for i€ [r] we have H; < [n](<F),
(b) Hi,..., H, are r-cross t-intersecting with maximal necessary intersection point at

most a — 1, and

() > (M) = ) wi(Fy).
Jjelr] Jelr]

Proof. Roughly speaking, the families H;,...,H, will be obtained from Fi,...,F,. by
deleting F;(a) from some of them and adding new sets to the others. More precisely, define

for every i € [rq] the family

Fi— ) | {AuT:Tela+1,n]* 10}, (3.2)

and for i € [r; + 1,7] define the family 7244 = {F < a: F € F;(a)}. Next, for i € [r] we
set i = F;NJFi(a) and F;" = F;uF*4. Note that for all i € [r] we have F;*, F;~ < [n](sF)
and, hence, they satisfy (a).

We aim to show that considering F;~ for some indices and F" for the other indices will
yield families as desired. To this end let us now observe the following claim, ensuring that
such a collection will fulfil (b).

Claim 3.4. Let i€ [r].

(1) The families Fy ..., Fii1, Fi s Fizty-- -, Fo are r-cross t-intersecting with mazimal
necessary intersection point at most a — 1.
(2) The families Fy, ..., Fitq, Fiy Fiiiy-- . Fib are r-cross t-intersecting with mazimal

necessary intersection point at most a — 1.

Proof. (1): Assume the contrary and let F; € F; for j € [r] \ i and F; € F;" such
that |[a — 1] n (g F5| < t. Since Fi, ..., F, are r-cross t-intersecting, this means that
there is some F’ € F;(a) (potentially F' = F;) with F; n[a — 1] = F' n[a — 1]. But
then [[a —1]n F'n ﬂje[r]\i Fj| <'t, which is a contradiction because F; € F; = F; \ F;(a).

(2): Assume the contrary and let F; € F; for j € [r] i and F; € F; such that [[a—1]n

jepg £l < t. Since Fi, ..., F, are r-cross t-intersecting, this means that for all j e [r] \ i
there is an I} € Fj(a) with F;n[a—1] = Fjn[a—1]. But then |[a—1]nF;n (e, Fjl < 1,
which is a contradiction because F; € F,” = F; \ F;(a). O

Now, let us show that the updated families will still have maximum measure, that is,

that (c) holds. This essentially follows from the next two claims.

Claim 3.5. For i€ [r] we have p;(F%) = p;(F(a)).
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Proof. 1fi € [r;+1, 7], note that the definition of F#4¢ implies an injection ¢ : F;(a) — F24d
with |p(F)| = |F| — 1. Thus, recalling that y; is non-increasing, the claim is proved.

If i € [r1], we need to work a bit more. If r; = 0, there is nothing else to show, so
assume that r; > 2. First, we want to get an upper bound on a. Let s be the minimal
integer such that there is some m, € [r;] and A, € [a — 1] such that F,,, (A4, a) # @.
By definition we know that for F' € F,,, (A, a) there are F; € F; for all j € [r] \ m, such
that [[a—1]n F' 0 \jcyum, £l < t. Thus, Lemma 3.2 yields that [a—1] € F'u();.,
Since |F' n [a — 1]| = |A.| = s and ry > 2, this entails a < s + 1 + minjefy,jum, k; — ¢

To show 15 (F244) > 11;(F;(a)) it is enough to show that for all k € [k;] we have |(Fadd)F| >
[(Fi(a))*]-

Further, it is easy to see that for all k € [k;]

(Fi@) = ) {AvaeuT:Tela+1,n]* "0},

Acla—1]:
Fi(Aa)k+o

Hence, in view of (3.2), to show |[(F29)*| > |(F;(a))*| it is enough to show that for
every A C [a — 1] with F;(A,a)* # @ we have (k—nl_—c\LAl) < (;—_\ZI)’ which in turn holds

if »5% >k —1 — |A|. And indeed, the bounds on a and n entail

N N Fj'

n;a - n—s—l—mi;lje[n]\m*kﬁf S Qmaxie[rﬂzk’i_s_l >k—1-—|A].

Further let us observe the following.
Claim 3.6. Fori € [r] we have F; n Ff = &.

Proof. Assume there is some F € F; n F244. Then, because F € F244, there is some F’ €
Fi(a) with [a — 1] n F = [a — 1] n F'. For F’ on the other hand, there are F; € F;
for all j € [r] \ i such that [[a] 0 F' n (g, Fl = t and a € F' o (N £y But
since F € F244 we know that a ¢ F and thus we have |[a] n F n (Mjepri £l <t This gives
us a contradiction since F' € F; and Fi,...,F, are r-cross t-intersecting with maximal

necessary intersection point a. 0

Finally, we can “update” the collection of families. If u,(F(a)) < X,y pi(Fila)), we
consider the families H; = F;" fori € [r—1] and H,, = F. Recall that we have H; < [n](<F)
for i € [r] and that they are non-empty by the condition that F; \ F;(a) # @ for all i € [r].
By Claim 3.4 these families are r-cross t-intersecting with their maximal necessary intersec-
tion point at most a —1 and by Claim 3.5, Claim 3.6, and p,(Fi(a)) < X,y ti(Fila))
we have 33r Hi(Fi) < Xieppag #i(Fi) + pe(F7). Together, this yields (a)-(c) in the

conclusion of the lemma.
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If pu, (Fr(a)) = Dicpr—1y #i(Fi(a)), we consider the families Fy, ..., F._y, F,". Similarly
as before, it follows that these will satisfy (a)-(c). O

Both Theorem 1.2 and Theorem 1.4 can be obtained from the following more general
result by setting r; = r and r; = 0 respectively. Moreover, this result also provides the
maximum of >}, p;(F;) in the case when some of the families and measures satisfy the

conditions in Theorem 1.2 and the others satisfy those in Theorem 1.4.

Proposition 3.7. Let r,t,ne N, r; € Ny with r = r, r = 2, and ry # 1, and let a € [n].
If v = 2, for i € [r] let k; € [n] be such that n > 2212[%1% k; + se;glli]n ki —t, and
let p; : [n]o = Rso. Forie[ry+1,7] set ki =n and let p; : [n]o — Rso be non-increasing.
Forie [r] let F; < [n]Sk). If Fi,...,F, are non-empty r-cross t-intersecting families

with maximal necessary intersection point at most a, then

2 Nj(ﬂ) S max {,LL@(.A(H, a*7t)ské) + Z :U'J'(B(n? a’*)gkj)} ) (33)
jelr]

je[r]~e

where the maximum is taken over { € [r] and a, € [t,min {a, nﬁne kl}]

ST RS
Proof. We perform an induction on r. The beginning is the same for the induction start
and the induction step. Let all the parameters and p; be given as in the statement of the
theorem and note that without restriction ¢ < mine[,j k;. Further, let Fi, ..., F,. be such
that

1) for i € [r] we have F; < [n](<F),

2) they are r-cross t-intersecting with maximal necessary intersection point at most a,
3) they maximise >}, 1,4 #;(F;) among all families satisfying (1) and (2),

4) their maximal necessary intersection point is minimal among those families that

fulfil (1), (2), and (3).

Since the properties (1), (2), (3), and (4) are preserved when shifting, we may assume
that Fi,...,F, are shifted. Denote the maximal necessary intersection point of Fi,...,F,
by a, and observe that if a, = ¢, we are done. So we assume that a, >t + 1.

First, consider the case that for all i € [r] we have that ;" # @. Then Lemma 3.3 yields
families H, ..., H, satisfying (1)-(3) with a maximal necessary intersection point smaller
than a,. This is a contradiction to the choice of the families (see (4)) and thereby completes
the proof of both the induction start and the induction step.

Second, consider the case that for some j € [r], without loss of generality r, it holds
that F,. \ F,(as) = &. That is to say, all sets in F, depend on a,.
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Assume that there is a b € [a, — 1] and F € F, such that b ¢ F. As F, is shifted, we
have that oy, (F') € F,, but this set does not depend on a,. Hence, for every F € F, we
have [a.] S F, in other words F, € B(n, a,)<*.

For r = 2 notice that since a, is the maximal necessary intersection point, every F; € F;

has at least ¢ elements in [a,]. This yields F; < A(n, a,,t)S" and hence
1 (F1) 4 p2(F2) < pa(An, as, t)S) + po(B(n, a,)S*2)

which finishes the proof of the induction start.

For r > 3 observe that the families Fi, ..., F,_; are (r — 1)-cross t-intersecting families
with maximal necessary intersection point at most a, which maximise )] jelr—1] i (F;)
(among all (r — 1)-cross t-intersecting families G; < [n](S%) with maximal necessary
intersection point at most a,). Thus, the induction hypothesis implies that there is
an £ € [r — 1] and an a,, € [a4] such that

Do Hi(F) < (A, a, )55+ 31 (B0, ) <),
je[r—1] je[r—1]~¢
Since F, S B(n, a,)S* < B(n, a.,)<*, this entails
D Hi(F) < A, @, )+ 30 1y (B(n, as) =)
jelr] Jelr]se

which finishes the induction step. U

§4. CONCLUDING REMARKS

Observe that the maxima in our results are attained for different ¢ (and ¢), depending

on the measures and r, t, and n. However, we remark the following.

Remark 4.1. For given ¢t,n,k € IN and a measure p there is an rg such that if » > ro,
the maximum in Theorem 1.2 and Theorem 1.4 is always attained for i = ¢ if p = p;
(and k; = k) for all j € [r].

One can also ask for the maximum of the product of sizes or, more generally, the product
of measures of r-cross t-intersecting families, instead of the sum. More precisely, for given

measures 1, ..., i, find the maximum possible value of

[ [ (7 (4.1)
i€(r]

for Fi,...,F, being r-cross t-intersecting families.

There are some partial results concerning this problem ([7,20,29,30]). Frankl and
Tokushige [21] determined the maximum product of the sizes of r-cross 1l-intersecting
families. In [7], Borg determined the maximum of (4.1) for 2-cross t-intersecting families and

measures with certain properties (which include the product measure, the uniform measure,
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and the constant measure) (see also [9] for a general result). Moreover, in [8], the author
also determined the maximum of the product of sizes for r-cross 1-intersecting families. It
is well known that for a4, ..., a, € Ry with Zie[r] a; < a the product Hie[r] a; 1s maximised
if a; = ¢ for all ¢ € [r]. Therefore, considering Remark 4.1, given n, measures p; =
(and k; = k) with p (and &k and n) satisfying the conditions in Theorem 1.2 or Theorem 1.4,
there is an ry such that for r > ry these theorems actually also yield that the maximum
of (4.1) is (u(B(n,t)sk))". This particularly includes the product measure, the uniform
measure, and the constant measure, and solves a few instances of the Problems 12.10
and 12.11, and of the Conjectures 12.12 and 12.13 posed by Frankl and Tokushige in [22].
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